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Introduction

P ROPER selection of the number and location of piezoelectric
sensors/actuators is one of the critical issues for structural vi-

bration control. A vast amount of research has been devoted to the
placement and design of sensors or actuators (or both)1;2 for � ex-
ible structure control. Also, many concepts such as controllability
and observability3 have been proposed. These methods have been
shown to yield less effective results for damping in structuralvibra-
tion because their concepts are focused on stiffness.

In this Note, optimization of the sensor/actuator placement for
structural vibration control of the laminated composite plates is in-
vestigatednumericallyand veri� ed experimentallyfor various � ber
orientations in the plates. Damping and stiffness of the adhesive
layer and the piezoceramics are taken into account in the � nite ele-
mentformulation.A structuraldampingindex(SDI)4 is de� ned from
modal damping by combiningeach vibrationalmode with a weight-
ing factor. For vibration control of a plate, the gradient method is
proposed to locate the optimum position of the sensor/actuator on
the plate.Effects of the outer-layer� ber orientationof the laminated
plate on the optimum sensor/actuatorplacementare investigatednu-
merically and experimentally.

Method
Laminated composite plates with a piezoceramic sensor/actuator

are modeled as two-dimensional plates. The detailed derivation of
the � nite element equations has been explained in Ref. 4.

The equationof motionof a structurein activecontrolis expressed
as follows:

M Rq C C Pq C Kq D Fext C Dauc (1)

where q(t ) is the displacement vector, M the mass matrix, C the
structural damping, K the stiffness matrix, Fext the external force
vector, Da the actuator in� uence matrix, and uc the control input
to the structure. Introducing the modal coordinate transformation
results in the modal equation of motion as follows:

NM Ŕ C NC Ṕ C NK ´ D NFext C NDuc (2)

The � rst-order state-space form of the system equations equivalent
to Eq. (2) is

Px D Ax C Buc C B0 (3)

When the piezoceramicsensor detects the strain rate of the struc-
ture, the actuator functions to increase the modal damping NC of the
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system matrix A in Eq. (3). Total modal damping of the structure is
composed of inherent damping NC and active damping NCa , which is
actuated by the control input.

The SDI is de� ned by taking the modal damping and contribution
of each vibrational mode into account as follows:

SDI D
r

2³r !r cr (4)

where the weighting factor cr is calculated using modal ortho-
gonality.

The SDI is chosen as the objective function to present a gen-
eral formulationof theoptimizationof piezoceramicsensor/actuator
placement. The optimum location of the sensor/actuator is then de-
termined by maximizing the SDI. The SDI of the plate can be shown
to be

SDI D SDI µ; Nxi ; Nyi ; Cxi ; C yi ; tp ; G (5)

where design variable µ is the outer-layer � ber orientation of the
laminated compositeplate, the variables Nxi and Nyi are the locationof
the center of the piezoceramic sensor/actuator in the ith placement,
Cxi and Cyi are the size of the ith piezoceramic sensor/actuator, tp

is the thickness of the piezoceramics, and G is the feedback gain.
Although the thickness of the piezoceramics and the feedback gain
are consideredas design variables,they are � xed because the effects
of the other variables are dominant. Interactionbetween the passive
and the active controls of the composite structures has been carried
out. The gradient of the objective function is calculated as follows:

grad.SDI/ D 1.SDI/=1S (6)

where 1S is the distance between two sensor/actuator (S/A) loca-
tions and 1.SDI/ is the difference of the SDI between the current
position and the candidate for the next position. When the position
of the actuation force (or moment) for the active control moves, the
mass and stiffnessof the systemmust be evaluatedfor every iteration
and also must be considered in calculating the gradient of the ob-
jective function.To decide the optimum search direction from some
arbitrary initial S/A location, the objective function and its gradient
are calculated for every direction, taking the structural properties
of the S/A into consideration. The position is then updated using
the gradient information, and the objective function and the gra-
dient are calculated again.The search continues until the optimum
is achieved. Design constraints should be speci� ed to con� ne the
design variable within a feasible region. The optimization problem
is as follows:

minimize f
(7)

subject to gi

where f D ¡(SDI) and gi are design constraints.

Results and Discussion
Optimization of the collocated piezoceramic sensor/actuator

placement for vibration control of cantilevered laminated plates is
investigatedwith stacking sequencesof [µ4=02=902]s , where µ D 0,
15, 30, 45, 60, and 90 deg. Material properties are listed in Ref. 4.
The dynamiccharacteristicsof the lower six modes in the composite
plates are analyzedand used in the calculationof the SDI. The width
and the thickness of the piezoceramics are 20 and 0.5 mm, respec-
tively. To express the locationof a piezoceramicS/A in the plate, the
direction of plate length is chosen as the x axis. One piezoceramic
sensor/actuator is used in the simulation to express the location
systematically.

The SDI of the plate depends on the � ber orientationof the outer
layer, as well as the location of the S/A for a � xed length of the
piezoceramics.The SDI for the [04=02=902]s plate is calculatedand
plotted in Fig. 1a for every possible position of the S/A, which we
called the scanning method. The S/A is collocated with a length
of 25 mm. The SDI becomes small, in Fig. 1a, as the S/A position
moves away from the clamped side of the cantilevered plate. The
SDI becomes large when the S/A moves close to the clamped side.
The optimum location of the S/A for the [04=02=902]s plate is at A
(12.5, 10). Figure 1b shows the SDI for the [454=02=902]s plate.The
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a) Stacking sequence [04 /02/902]s plate

b) Stacking sequence [454/02 /902]s plate

c) Stacking sequence [904 /02/902]s plate

Fig. 1 SDI for the 25-mm-long piezoceramic sensor/actuator (PZT).

SDI is smaller than that of the [04=02=902]s plate for all locations.
The optimum locationof the S/A for the [454=02=902]s plate is at B
(12.5, 30). Optimizationusing the gradientmethodcan reduce com-
putation time and can search the optimum location very ef� ciently.
Optimization by the gradient method takes about 20% of the CPU
time compared to that of the scanning method. Figure 1c represents
the SDI for the [904=02=902]s plate, and the optimum location is
at C (12.5, 50). It is located relatively far from the x axis, as com-
paredwith the [04=02=902]s plate of Fig. 1a. ComparingFig. 1a with
Fig. 1c, the SDI becomes smaller as the outer-layer� ber orientation
increases. The optimum location of the piezoceramic S/A moves

Fig. 2 Natural frequency of the plates without and with PZT: ——,
bending without PZT [� nite element method (FEM)]; , bending with-
out PZT (experiment); - - - -, torsion without PZT (FEM); , torsion
without PZT (experiment); – - – -, bending with PZT (FEM); , torsion
with PZT (experiment); – - - –, torsion with PZT (FEM); and , torsion
with PZT (experiment).

Fig. 3 Modal damping of the � rst bending and torsional modes (open
and closed loop): ——, bending (gain= 0, FEM); , bending (gain = 0,
experiment); - - - -, bending (gain = 2, FEM); , bending(gain = 2, exper-
iment); – – – , torsion (gain = 0, FEM); , torsion (gain = 0, experiment);
– - – -, torsion (gain = 2, FEM); and , torsion (gain= 2, experiment).

away from the x axis as the � ber orientation increases.This can be
explained by the modal dominance. Weighting factors of the vibra-
tion modes become different as the bending stiffness of the plate
changes. For a � exible plate such as the [904=02=902]s specimen,
the � rst bending mode is dominant. The S/A should be located far-
ther away from the x axis of the plate to control the bending mode
ef� ciently, which is consistent with the physical phenomenon.

Experiments have been carried out to validate the formulation of
the S/A placement. Con� guration of the plate for the experiment
is shown in Ref. 5. Figure 2 shows the natural frequency of the
plate with and without piezoceramics. As the � rst bending and the
� rst torsional mode are dominant in the plate vibration, the active
modal damping of the � rst bending and the � rst torsional mode are
measured to determine the SDI and are plotted in Fig. 3.

Conclusions
A general formulation and a systematic method for optimization

of the S/A placement using the gradient method is proposed for
vibration control of the laminated composite plates.
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The optimum positions of the piezoceramic S/A tend to be near
the clamping side of the cantilevered plate. The optimum locations
also change as the outer-layer � ber orientation of the laminated
plates changes.

A plate with higher stiffness is more effective than a plate with
lower stiffness in controlling vibration actively. Numerical simu-
lation and experimental results show that the SDI depends on the
stiffness of the host structure and the location of the S/A.
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